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Solving Higher Order Differential
Equations: An Integrating Factor

Approach and Generalized Solutions to
Self-Adjoint Differential Equations

Abstract

In this work we present an integrating factor approach for solving certain
higher order differential equations (DE’s) and a generalized method for solv-
ing Self-Adjoint Differential Equations.

1 Introduction

Modeling by using differential equations cuts across various fields [8]. The
widespread applications of differential equations plays into its continuous
relevance in the research community, yielding varying approaches to solving
them analytically or numerically. Many physical phenomena are modeled by
using differential equations. In Physics, the Legendre differential equation
arises in the study of the Hydrogen atom wave functions and angular mo-
mentum in single-particle quantum mechanics [[4] [3]]. In the health sciences
we have seen many differential equations being used for modeling complex
systems ranging from modeling of evasive cancers [[6] [9]] to the spread of
diseases [[5] [10]].



There are analytic methods available as means of solving some higher or-
der differential equations, see [2] and the references therein and the Riccati-
type approach [3]. For instance in [4] the authors used a change of variable
approach to solve some self-adjoint differential equations. In addition, for
higher order DE’s where analytic solutions may be unattainable, numer-ical
methods have been used with continued focus on error minimization [12]. In
[7] the authors reformulated the spline approach which increases the accuracy
of the second order approximation, thereby improving the en-tire accuracy of
the numerical approximation to a third-order accuracy for an nonuniform
mesh and a forth-order accuracy for a uniform mesh.

Many mechanical systems describing the motion of particles or bodies are
modeled by second-order differential equations. However, some physical
systems exhibit much more complex behaviors and thus may require the
specification of third or higher order derivatives. In [3], the authors gener-
alized the solution to second order and third order self-adjoint equations in
addition to solving higher order Riccatti-type DE’s. This paper extends the
work done in [[2] [3]] by generalizing the solutions of higher-order self-adjoint
DE’s as well as using an integrating-factor approach to solve other special
higher-order DE’s.

By generating a 4th and 5th order self-adjoint ODE, we observe the so-
lution of the 2nd and 4th order equations as well as the third and 5th order
in order to draw a generalized solution for self-adjoint DE’s of even and odd
order respectively. Since the solutions to the second and third order have
been studied in [3], we only reference them in this work. For applications
and examples of 4th order ODEs see for example [17], [18]

In this paper we propose an approach for solving higher order differential
equations by using solutions from its associated lower order equations. We
observe that the integral of the associated lower order DE is a solution to its
higher order associated DE. Thus we are able to derive solutions to higher
order DE’s by beginning with an associated lower order DE.

The paper is organized as follows: Section 2 uses an arbitrary ODE to
lay out the discussed solution approach. In section 3 we present Matlab
solutions to the derived higher order ODE as a means of comparison with
the solution derived from our approach. In section 4 we present examples using
the integrating-factor approach. Section 5 generalizes the solution to self-adjoint
DE’s by focusing on patterns drawn from even and odd orders. Finally In Section
6 we present the conclusions.



2 Integrating-Factor Approach

2.1 Second Order Ordinary Differential Equations
Let y satisfy:

y" +p(@)y +a(z)y = 0. (1)
If we set b b= _73/ then b satisfies ' = b> — p(z)b + q(z) and if

y' +p@)y +q(z)y = f(z) (2)

Then to find a particular solution for this equation we use results from [2]
and [3] i.e,

luly" + byl = pf (). (3)
Which leads to “/l(f) = p(z) — b(z) and (ub) = pg. thus L =p—b —
ln,u:fpdx—kf% and b = _Ty/ S0 ln,u:fpdx—kf%dx: [ pdx + Iny with

= el PdTy  Substituting p into (ub) = g we get

fd:c;y//_ fdz_/l_fdz
(70" ) = (el = el ey ()
Thus:
efpda:(_y//) _y/efpdxp: efpdxyq (5)
and
el P2 (4" 4 py' + qy) =0 (6)

As el P4 is always positive, then (y” + by’ + qy) = 0
and we observe that equation 4 in terms of b yields:

{efpdx(pb — b+ b’)] = ¢/ Pz (7)

then
b =q+b>—pb
that is a first order Riccati equation.



Soifu=el Pdzy then replacing in equation 4 we obtain that y satisfies
y" +py' +qy = 0, so if b satisfies b’ = b?> — pb + ¢ then if we set b = _7?/ then
y satisfies v + p(x)y' + qy = 0./ ,

On the other hand since - = p—-b == b = p — -, which when
substituted in 4 leads to (ub) = uqg = (u(p — %))’ = ug and we get

(u (M>)/ = uq = (pu — u')" = ug which implies:

u

pu'+p'u—u”:uq

' —pu—pu +ug=0 (8)

with v = efpdxy.
Where y is a solution of y” + p(z)y’ + ¢(z)y = 0 and then u satisfies
u’ —pu' + (¢ —p')u=0.

Asu = efpdxy with y a solution of

¥ +p(@)y +a(@)y=0 (9)
Then knowing a solution of 9 we obtain a solution of u and vice-versa.
Knowing a solution of u that satisfies equation 8, we can have a solution for
y given by equation 9 by the relation u = el pdry — g = ue~ I/ pdr,
We now prove a result following the theory from [3] which states that:

Theorem 2.1. Consider a general second order ODFE,

y' +p(x)y + qlz)y = F(x), (10)

where p(x),q(x) and F(x) are continuous functions.

if u is the integrating factor and u satisfies

w p—>b (11)
with )
— (12)
Yn
where yp, satisfies
Y + p(@)yh + a(@)yn = 0, (13)



Then if u satisfies
u”’ = p(z)u’ + (g — p')u = g(z) (14)

and if y is a solution of equation 10 then u = yefpdaﬁ s a solution of 14 with
g(z) = e/ P P (1)

Proof. If y is a solution of of 10 then
y' +p(@)y +a(x)y = F(z) (15)

and as u = yhefpdx from 11 and 12, integrating 11 lnu = [ pdz + [ Z—/de =

fpd:r: +Iny, > u= efpdzyh, so if y = pe™ I'pdz then computing and replac-
ing u,u and u” into 14 we get:

eI Py + 2py + (p? + p)y] — P(@)ly' +pyl + [ — Ply = g(z).  (16)
Which simplifies to
I P 4 py + qy) = g(x). (17)
Now if g(z) = 0 then
" —pu' 4+ (g—p)u=0

as y satisfies ¥ +py’ 4+ qy = 0. If g(x) # 0, then from the previous equation:
el Py 4 py + qy] = g(x) we have that: y” +py + qy = g(x)e” /P4 So if
F(z) = g(z)e” /P4 then u satisfies 14 as required.

On the other hand, if u satisfies 14, then y = ue~ I 'PI* gatisfies 10 with
F(x) = g(x)e_fpdfc. To see this we replace in 10 y = ue™ /P4 to get

"
(ue*fpd”“) + p(z) (ue™ TP 4 que= TP = P(z) (18)
Expanding and simplifying equation 18 we get

u'em TP e IP g (g — pyuem TP = F(x) (19)

So if y = pe~ /P4 and u satisfies 14 then y = ue™ /P9 satisfies

[ — pu + (¢ — p)ule” /74" = F(x) (20)

So taking F(x)el P4 = g(z), we see that if y = ue™ /P4 then if equation 14
holds, it follows that equation 10 holds with g(z) = F(x)e/ P*. Which ends
the proof. ]



Now given u = el Pdy where y satisfies the homogeneous part of equation
10, then we have that u = e/ Py satisfies the homogeneous part of 14. To
find the particular solution for equation 10 we use results from [3] which
results in the solution:

ey f = Piy) = [ el ey, p(o) + € 1)
h

And equation 21 can be rewritten as:

/

1
(y’ —~ yhy) = —¢ /vt / ynel P F (x)de + —em P (22)
Yh Yh

Using the first integrating factor theory on equation 22 results in the
expression below after some simplifications:

1 — [ pdx
Y _ /Qe_fpdm/yhefpsz(ﬁﬂ)d(x) +C/ : g —dr+ K (23)
Yn Yn Y

From equation 23 we get the solution:

1 effpdz
v =1y / ?e fpdx/yhefpda:F(x)d(x) + cyn / de + Ky, (24)
h h

Now, if we have h(z) = efpdxF(x), then it is possible to prove that a
solution of the differential equation:

y" —py + (¢ — p)j = h(z), (25)

isy = el Pdzy where y satisfies equation 10
And the solution to equation 25 is :

— [ pdx — [ pdx _
Z?:efpdxyh/e v /yhh(x)deréefpdxyh/e Y2 +Kel Py, (26)
h h

If we replace h(z) = F(z)e/ P4 in equation 26 and simplify we arrive at
the result:

—f d — [ pdx _

e x e

g = el Pirfy, / yf / ynF(z)el P 4y, / 7 de Kyl (27)
h h

So, if h(z) = e/ P2 F(z), then, § = e/ P4y where y satisfies equation 10.



To find the particular solution for equation 25 we again utilize results

from [3] by setting p — —p so that we have
@ ;

=p—b=-p+ %

Yn

(28)

where u satisfies:
a" + pi' +qui =0
From which we get 4 = e~ I'pdzelnyh - Recall that Yp = e~ I pdzy for Yh

satisfying v}, + pyj, + qyr, = 0. So a solution for equation 25 following results
(29)

from [3] will be:

eI Pty (7 — o)) = e Pl ()
[ pdx
< (30)

Equation 29 simplifies to:
v, 1
g Yhy) = Lol / eI h(@)de + @

Yn Yn Yn
Applying the first integrating factor theory on equation 30 we get
ef pdz

1
2efpdx/e_fpdwyhh(x)dx +c R
h

Yh

) =

(th_lg

From which we arrive to the solution:
(31)

e pdx _
2 dr + Kuyy,

pdx
i /e_fpdmg]hh(a:)dﬂv-{-égjh/

e
o
Soas u = efpdxyh, then u? = y%ezfpdx = y% Since u satisfies the homo-

geneous part of equation 14 and 7 is a homogeneous solution of equation

25 it follows that u = g5, which then leads to the general solution:
[ pdz [ pdx
g=elpdey, [ vt Rypel P
y=e yh/ y—h2e2fpdz y—h2€2fpdx dz+Kyhe
(32)
We recall that u = e/ pdzy, then we have a solution for y and .

/e_fpdxefpdxyjhh(a:)dx—i-éyjhefpdx/
Substituting h(z) = f(z)e P into the solution of § we get:



[ pda e~ J pdx
gzefpdw [yh/e y /yhf( ) fpdrdx—kcyh/ y +Kyh (33)

h h

Thus setting h(x) = F(x)efpd”“' we get § = el P47y, where y and 7 satisfy
equations 10 and 25 respectively.

Example 2.2. Consider the equation below:

y' + 5y =1 (34)

The general solution for this equation is:

y:/€_2512/63x2dI+6/63$2+K.

For § = u with u as the integrating factor, from equation 34 p = bx and
qg = 0. Then from equation 14 and equation 25 u and y are solutions to
the equation. Now, if u = efpd‘”y then, we have that y is the homogeneous
solution of 34. Then substituting p into 27 we get:

v — 5xu’ — 5u = 0.

Then with the relation between u and y stated above, we get the solution

5x2
Yy = c/e?dx

and y = K with K c5m2d c constants.
We have that u = e2” K is one possible u and the other possibility for u is
u= e fe%ﬁda:.

Therefore if y = fe%%2dx satisfies the equation: y" + bxy = 0 then
u = e3® Ik e dy satisfies u” — 5xu’ — 5u = 0.
Furthermore if h(z) = F(z)el P4 then from equation 34 we gez h(z) =

522

lxez = Hence the solutwnfory”—5xy—5y—h( )—65% isy—
efpdl“y—ez fe 3 fezdx—l—cfe52 dr+K]. Soy—e2 fe £ fede—i—

cfe ¥ da + K. Therefore we can go back and forth with the solutions y
and .




2.2 Third Order Ordinary Differential Equation

Consider the third order differential equation below:
y" + P(x)y" + Q(z)y + R(x)y =0 (35)

Then the solutions to equation 35 are related to the solutions to the
equation:
y' +by' +ay=0 (36)
where b satisfies the relation % = P — b, and u is the integrating factor of
equation 35 which satisfies the equation:

u" — Pu' 4+ (Q - 2P + (@' — P" = R)u=0 (37)
Asshownin 3] a=Q —V —b(P —b) and b = _7?] where y satisfies:

y7//+2py7/+ (Q+P’+P2)g’+ (Ql —R+QP)y=0 (38)

So as shown in [3] we can apply the integrating factor technique on 35 that

leads to the relation u = e/ Pdry
We recall that if

y" +2Py" + (Q+ P + Py +(Q —R+QP)y=0

then,

(u(y" + by +ay)) = p0 =0
for details see [3].

‘We conclude that:

:edemf

w(z) y

where ¢ is a solution of 38.
Therefore
e PEG(y" + by’ + ay)] =0

and putting everything in terms of b we get:
M(x) _ ede:veffbd:B
and using that (see [3]) a = Q — V' — b(P — b) we obtain:

[edeme—fbd:c(y// + by/ + ay)]/ -0



hence,
[efpdxe—fbdx‘(y// + by/ +ay)] — C

and we have that:
y// + by/ +ay = C(efdemefbdx)

and using the theory in [3] we obtain:
(Y +by))' = pCe™ | Pirel e

where [i verifies
b—b

==

and yj, satisfies the equation:

Y+ by +ay =0

Yh

where b = —
Yn

and replacing fi and b we have:
fi = el by,
U into

Substituting i = el bdz,, into the integrating factor expression we get
(e b4y, (f + by)) = el tdey, ce= [ Pdrebde and substituting b = m

the equation above results in:
/
_y o
efbdzyh(yl+ hy))/:e2fbdmyhce dex'

The equation above simplifies to:
) — [ bdzx 2 [ bdx K
/ Yn € € Yn B [bdx

W+ y C/ el Pde dgH_yhe '

Applying the integrating factor of first degree yields:

— [ bdx 2 [ bdx
¢ c/e yhd:):—i-Ee_fbdx]

y:
) Yn

— N/ _
=u

uy
(uy) m
where u = y,;l.

10



Which yields,

— [ bdzx 2 [ bdx Kffbdx
y:/e /e cyhdx+/62da:+l
Yh

— [ bdx 2 [ bdx — [ bdx
e e cyYn Ke
= d o dr+l
Y yh/ y,% / [ Pdz :U+yh/ y% T + LY

Therefore we have that:

— [ bdx
Kyh/ 5—dxr + Lyn
Yn,

is the general solution for y” + by’ + ay = 0. So then we conclude that the

solutions to equation 35 are related to the the solutions of y” 4+ by’ +ay =0

where b = _Tyl with ¢y satisfying

y" +2Py" +(Q+ P + Py +(Q —R+QP)j =0
where as shown in [3] we have a = Q — b — b(P — b)
Example 2.3. Consider the differential equation below:
y' +5zy — 10y =0, (39)

Our goal is to derive an associated third order equation with two solutions
equal to the two solutions of equation 39. The integrating factor associated to

39 will be given by p = 2% which results in the two solutions Y1 = (22 + %)
—5_2

and y; = (2> + 3) [ (;Z;Q dx. Subsequently we wish to find P, Q and R
such that

ylll + Py” —"_ le + Ry _ 07 (40)

has two solutions equal to y1 and ys above. Recall the expression

&’:P_b:Q—b’—a:R—a’
I b a

where a = /—10 and b = 5.
We have % = 5z which implies that P — 5z = 5z and hence P = 10z.

Also, Q_Z,_“ = bx imples W = 5z and hence Q = 252> — 5. Finally,

11



R%a, = bx implies ]E—Ig = bx and hence R = —50x. Thus, equation 40
becomes
y" +10zy” + (252% — 5)y + —50zy = 0, (41)

which will be the associated third order differential equation. Recall that from
[3] equation 41 can be rewritten as

(uy” +by +ay)) =0, (42)
with p = 6312, a=—10 and b = 5zx.
Proof. Expanding (u(y” + by + ay))’ results in
py" +by +0y +ay+ay)+p (Y + by +ay)

which simplifies to

/

y by +(a+b)y +ay= —%(yﬁ +by + ay).

Recalling that % = bz and substituting the values of @ and b results in

Y +5xy +(=5)y +0=—5z(y +bxy — 10y).
which then simplifies to
y" +10zy" + (2522 — 5)y + —50zy = 0
[

Now, integrating 42 and simplifying results in the non-homogeneous equa-
tion below, we obtain:

(y// + 5ay — 10y/) — Ce 37",

We then see that the homogeneous part of this equation is equal to the ho-
mogeneous equation in 39 which implies that the homogeneous solutions of
equation 41 are the same as the solutions for the differential equation in
equation 39.

Therefore, using the methodology in [2] we can conclude that the solution
of the third order order differential equation:

Y +10zy" + (2522 —5)y + —50zy =0

12



18 given by:
5,2 54

c(x? + %) / (;_ié)z(f + éx)dm + k(x? + %) / (;jzdw +1(z* + <)

We recall that:

9 e 3 9 1
k(x* + 5) / md:ﬂ + 1z + 5)
s a solution of:
y' +5zy — 10y =0
Thus we have shown that given a third order differential equation
ym + py// + Qy/ + Ry=0
and a second order differential equation
y"—l-by,—i-ay:O

such that the following relation holds P = b + %/, Q= b(%) +a+0b and

R= a(“—/)+a’ where p is the integrating factor for the second order equation,
the two homogeneous solutions for the second order differential equation are
also homogenuos solutions for the third order differential equation.

2.3 Fourth Order Ordinary Differential Equations.
Consider the fourth order ODE below:

Y+ 3zy + 12y =0 (43)
Now equation 43 can be rewritten as
(v" +3zy" +9y) =0,
which after integrating both sides yields
ym + 3my” + 9y/ =C.
Again the above equation can be rewritten as

(y +3zy +3y)) =0,

13



which yields
(y +3zy +3y) =Cx+D

after integration. Further simplification now will result in
(y +3zy) =Cx+ D.

Which again after integration yields
’ fL'2
Y +3xy:C'?+Da:—|—F.

The above is now a linear equation which we can solve using the integrating
factor technique.

[

For this linear equation the integrating factor is u = %

Now multiplying through with © we get
, 322 302 22 2
yegT —|—3xy657 — (Ca;+Dx+F) )

which after solving yields

—322

ylr)=He 2 +e 3 /<2ZL'2€32+D:E€32 —|—F632> (44)

Thus the solution for y above is a solution for equation 43.
On the other hand if we used the change of variable v = 3/, equation 43
becomes:

v 430 +120 =0 (45)

and a change of variable using u = v’ yields:

u' 4 3zu +12u=0 (46)
And clearly we can deduce that y(z) = [v= [ [u

3 Generalized Solutions to Even and Odd Self-
Adjoint DE’s

In this section we present generalized methodology for even and odd order
self-adjoint DE’s respectively. From [3] we have the solutions for the second
and third order self-adjoint DE. We present the solution to the 4th and 5th
order and derive a generalization from the solutions.

14



3.1 Second-Order Self-Adjoint DEs
Theorem 1. If a second-order self-adjoint ODE

(r()y') +q(x)y =0 (47)
verifies the condition q(x) = %" — (7122, then the solution to (47) is

(Crz + Co) (48)

y(z) = !
V()

where r(x) > 0, q(x) are continuous differentiable functions and C1, Cs are
arbitrary constants.

3.2 Third-Order Self-Adjoint DEs
Theorem 2. If a third-order self-adjoint ODE

(r(@)y)" + (a(2)y)" + p(z)y =0 (49)
verifies the conditions q = r" — 2(§;)2 and p = —% + % - 1(2)(7:/2)37 then the
solution to (49) is

1
y(z) = Vs (Cr2? + Cax + Cs) (50)

where r(x) > 0, p(z), q(x) are continuous differentiable functions and
C4, Co, C3 are arbitrary constants.

Proofs for the theorems above can be found in [?]

3.3 Fourth-Order Self-Adjoint DEs
Theorem 3. If a fourth-order self-adjoint ODE

(r(@)y")" + (a(@)y") + p(x)y = 0 (51)

2
verifies the conditions ¢ = 2" —3 1 and p = L (8@ — L6y 1212 4 30 (p)2p

2 r

<

then the solution to (51) is

1
y(x) = W (01163 + CQ.TQ + 0333 + 04) ) (52)

where r(x) > 0, p(x), q(x) are continuous differentiable functions, and
C, Co, C3, Cy are arbitrary constants.

15
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Proof. The fourth order self-adjoint ODE
(r(@)y")" + (a(z)y') + p(z)y =0

can be written as:

ry + 20y + (" + @)y + 'y +py =0,
which implies that

2 / /" /
y(4)+7ry///+ (r +Q)y//+gy/+8y:0’ (53)
r r r T
Considering a change of variable for y = u(z)v(z) in (53), where u(z)
and v(x) are continuous and differentiable functions, we obtain:

Y = (uw) = v'v +u

= (w)" = u"v + 2uv + uw”

!, 1

i
Y
n " n ", ./ "
Yy = (uw)” =u"v+3uv + 3uv” +uv

", n !, 1

y@ = (w)* = u®v + 44" + 60" + 4V + uo™®

2 / 6 / 7
oM <4’Ul + T’U> + <6UH + L’Ul + (r" +q) U) +
T r T

61’ 2y / 9! " '
o <4U///_|_rv//+ (r +Q)U/+qv)+u <U(4) —I-LUW—I- (r +Q>Uu+qvl+pv> -0
r r r r

r r r

Assuming that the coefficient of w” is zero, we can solve for v(x) as
follows:

40" + 2:/0 =0. (54)
Then, without loss of generality, the corresponding solution to (54) is
v(x) = eh A \}; (55)
V(x) = —%rfgrl (56)
V' (x) = %r_g(r')z - %’F—%T” (57)



"(x) ——grii(T/)3+4Ti2TT — TR (58)

105 45 9 1
v (z) = ﬁr_%(r’f - ZT_%(T/)2TN + Zr_g(r”)Q + 3 — 27“_3(7‘(4;
59

Next, assuming that the coefficients of u”, v/ and u are all zero we have:

6r' (r”+q)v

60" + —o' + =0, (60)
T
6 / 2 1 /
4v/1/+Lv//+ (r +Q)v/+gv:0 (61)
T T T
and 2r! (r" +q) ¢, p
1)(4) + 70/// + 71)// + 71)/ +E,=0 (62)
T T T T

By substituting (55) into (60) and (62) we obtain:

(11065T g(r1)4 B 45T_§(rl)2rll + r——(rll)2 4 3p— syl - gr(4)>
(63)
2r' 15 9 1
_'_TT <_8T—;(T/)3 + ZT_ET/T/ . 2r—gr///>
" /
n <7" :—Q> <ir—g(rl)2 . ;7“_31"”> + q? <_;r—;’r/)
+B (7“7%> =0
T
Simplifying these substitutions we obtain:
i(r’)2 — 21" 4+q=0 (64)
2r
and
1 r'r”" 3 9 5
— oWt 0 = )+ 50 =0 (65)

17



We obtain corresponding conditions for ¢ and p from (64) and (65) as follows:

3 (r')?
— 2 n_ =
q r 9

- (66)

T 16 r3
From the equations (54), (60), (62), (66) and (67), we obtain:

1 1 12 1
P <8T(4) _ 767‘/7“,” _ 7(7‘")2 + %(T’)%ﬂ _ 5(7“/)4) (67)

v =0 = uW =0 (68)

and
u(z) = Cra® + Coz® + Cyz 4 Cy (69)

where Cy, C5, C3 and C4 are arbitrary constants. Hence, the solution of
the fourth-order self-adjoint differential equation (51) is as follows:

y(x) = u(z)v(z) (70)

and we conclude that

1
y(z) = NG (C1a® + Coa® + Caz + Cy) (71)

3.4 Fourth-Order Material Science Application

The paper [18] provides an application of fourth-order self-adjoint ordinary
differential equations to deformations of isotropic incompressible hyperelas-
tic materials. In general, Hill considers

[fo(R)u")" + [fr(R)u] + fa(R)u = 0,

where the solution w is a function of R, the functions fy(R), fi(R), f2(R)
are sufficiently continuously differentiable and also allow the self-adjoint
property of the differential operator. In particular, Hill defines the second
order self-adjoint differential operator D? by

D?u = [a(R)u]' 4 b(R)u,

where a and b are functions of R. Considering another function ¢, then the
fourth order equation can be written

D?[¢(R)D?u) = 0,
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and it is self-adjoint if the function fy, fi, and fy satisfy

fo(R) = d®c (72)
f1(R) = a(ca’) + 2abc, (73)
f2(R) = b2c + [a(be)7. (74)

While the stability of solutions is investigated in [18], analytic solutions
are generally not proposed, remarking that there are a few rare scenarios
where analytic solutions can be determined by “inspection.” In the paper,
the stability of solutions relating to the simultaneous inflation and extension
of a cylindrical tube, the symmetrical expansion of a spherical shell, and
plane straightening and stretching of a sector of a circular-cylindrical tube
is considered through ad-hoc factorization. Having a method to analytically
solve such high order differential equations will definitely give insight into
more precise properties of the solutions, and thereby open material sciences
to new opportunities.

3.5 Fifth-Order Self-Adjoint DEs
Theorem 4. If a fifth-order self-adjoint ODE

(r(2)y")" + (a(=)y") + (p(x)y) =0 (75)
verifies the conditions q = 3r" — %@ and

p= ——12;3 [384(7"’)4 — 8407 (r")2r" + 22572 (r")? + 350021 — 1257"3?"(4)], then

the solution to (75) is

1
y(z) = v (Clx4 + C92® + C2® + Cyz + 05) ) (76)

where r(x) > 0, p(x), q(x) are continuous differentiable functions, and
Cy, Oy, C3, Cy, Cs are arbitrary constants.

Proof. The fifth order self-adjoint ODE
(r(@)y")" + (¢(x)y') + p(x)y = 0
can be written as:

Ty(5) + 27’/y(4) + (T// + q)y/// + q/y// +py’ +p’y -0
which implies that
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2,’,/ 7.,// + / /
O 4 2@ D e e e P (77)
r T T r r

Considering a change of variable for y = u(z)v(z) in (77), where u(z)
and v(x) are continuous and differentiable functions, we obtain
Y = (w) = v'v+u’
Y = (w)" = u"v + 20"V + "
y/// — (UU)/// — ’LLWU + BUN'U, + 3U/U// _|_ U’U,”
y(4) _ (’LL’U)4 _ u(4)v + 44"y + 60" + 4" + uv(4)

y® = (w)® = u®v + 5 + 100" 4+ 100" 0" + 5u'v™® + up®

2 / 8 / 1
u®y + <5v’ + rv) u® + (101}" + —rv’ + Mv) u”
T T T

12 / 1/ / 8 / 1 2 /
+ (1001// + r o+ 3(T +q) v+ qv) I <5U(4) + iv/// + 3(T +q) o+ 7‘]”/ + pv) o
r T r r T r
/ 1 / /
+ <’U(5) + 2771@(4) + uv’” + gvl’ + Bvl + pv> u=20
r T r r T

Assuming that the coefficient of u(*) is zero, we can solve for v(z) as
follows:

2 /
v+ — = 0, (78)
r
Then, without loss of generality, the corresponding solution to (78) is
v(z) = e_gf%/dx —r % = L (79)
2 /
V(@) = - (80)
5175

20512 B
168(r")%  42r'r" 2"
- iid 2 T (82)
12577 25r7s 513

o () = 14(r")2 2"

U,/,($) —
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U(4) (l‘) _ 2856(7«’)4 B 1008(7“’)27‘” 42(1"”)2 567 " B 27“(4)

22 17 12 12 7 (83)
625773 125r7s 256775 25775 ors
5y, 62832(r)5 57TI2(r)%”  504¢'(r")? 336(r')%r"  28¢"r"  14r'r() 270
v (z) = 7+ 22 7 Tt 7]
3125775 12577 2517 25775 or’s or’s or
(84)
Assuming that the coefficients of ", u”, u' and u are all zero, we obtain
8 / 1
100" 4+ Sy 4 D, (85)
r
12 / " /
100" + r o+ 3(T +9q) v+ gv —0 (86)
r r r
8 / /" 2 /
5v(4)+iv///+3(7a +Q)v//+ivl+gvzo (87)
r r r r
2 ! /
(>+—T(4)+(T :Q) ”’+— + 5+ By =0 (88)

Substituting v, v’, v", v, v™® and v® into equations (85) - (88), we get:
14 N2 2 " 8 / 2 / "
10[ ) _ T7}+T[— T7}+(T +9) i =0 ©9)
25775 5rs r 5r—5 r

Simplifying equation (89) gives

12(r')?

:3//_
4 " or

Also, from equation (87) we get:

5 | 2896(r ) ~1008(r")%r" | 42(r")? 567” meop(4) +8r’[ 168(r")? 427»/ ”_27"”
6251 % 12515 257«?2 %re  5rE | T 1257% 2%r%  Brs
" 14 N2 2 /i 2 / 2 /
G +q>[ ) _ r7]+q[— r7]+p[r—§}. (90)
r 25775 5rs r 575 r

Simplifying equation (90) we obtain:

2
12573

p=- [384()" = 840r (/21" + 22512 (5")? + 35021 — 12573 (1)|
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From

uOv=0 = u® =0 (91)

and
u(z) = Crat + Coz® + C32% + Cyz + Cs (92)

where C1, Cy, C3, C4 and Cs are arbitrary constants. Hence, the solution
of the fifth-order self-adjoint differential equation (75) is as follows:

y(x) = u(z)v(z) (93)

and we conclude that:

1
y(z) = 2 (Crz" + Coa® + Cs2® + Cyz + Cs) (94)

3.6 nth-Order Self-Adjoint DEs

From above theorems and proofs, we are able to generalize solutions of
self-adjoint ODEs based on the order for continuous differentiable functions

r(z) >0, p(z), q(z).

3.6.1 Evenn
An even nth-order self-adjoint ODE

@)y 308 4 gy 3G 4 )T T D L i)y =0,

(95)
has general solution
1
y(x) = (Clx"_l + Cox™ 2 4 Cyz™ 3 4 ..+ Ch) (96)
r(z)
where Cq, Cy, Cs, ..., Cy are arbitrary constants, if corresponding condi-

tions of continuous differentiable functions r(x) > 0, p(x), q(x), e.t.c are
verified.
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3.6.2 Oddn
An odd nth-order self-adjoint ODE

@)yt T T 4 gyt T T )yt T D i)y =0,

(97)
has general solution
1
y(x) = (Cra™ '+ Coa™ 2 + C32" P + ..+ Cy) (98)
Vr(x)
where Cq, Cy, Cs, ..., Cy are arbitrary constants, if corresponding condi-

tions of continuous differentiable functions r(z) > 0, p(z), q(x), e.t.c are
verified.

4 Conclusion

In this work we have used the integrating factor approach for solving higher
order differential equations. We show that the solutions to a second order
differential equation are also solutions to an associated third order differen-
tial equation of the Ricatti type, and we presented examples. In addition,
we developed a self-adjoint type formulation for solving higher order ODEs
including odd and even order ODEs. The generalized methodologies pre-
sented may serve as a reference for solving higher order ODEs. Transforma-
tion of differential equation to self-adjoint differential equation is based on
the choice of ¢(z) and p(z).
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