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Abstract. In this paper, we study a Vandermonde type of determinants. We prove
an explicit formula for this type of determinants and the property of anti-symmetry. The
results have applications in algebraic geometry and Arithmetic geometry, but it could po-
tentially have applications in other fields where the Vandermonde type of determinants are
encountered.
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1. Statements. In numerical analysis, the main tool for polynomial in-
terpolation is the Vandermonde matrix ([1]). The Vandermonde determinant
also plays a central role in the Frobenius formula, which gives the character of
conjugacy classes of representations of the symmetric group ([2]). In the poly-
nomial interpolation, the existence of the Lagrange interpolation polynomial
that is interpolated into the given points is automatic because the number
of given points is the same as the number of coefficients in the Lagrange in-
terpolation polynomial. In this paper, we try to answer the question: when
can a polynomial of fixed degree be interpolated into the given points if the
number of points is larger than the number of coefficients of the interpolation
polynomial? The answer lies in our extension of “Vandermonde matrix”. We
call it the “augmented Vandermonde matrix”. See Example (3.1) below.

This problem arises from algebraic geometry in the case when the number
of constraints is larger than the number of variables. See our example (3.2) in
the last section. We hope this will give more applications to different situation
when the existence question arises.

Let’s first define the “augmented Vandermonde matrix”. Let K be an
algebraically closed field (some formulas work in any field). Let A(t) be a
monic polynomial of degree n+ 2 in K(¢) without multiple roots for some non-
negative integer n, where a monic polynomial is a polynomial with leading
coefficient 1. We’ll denote h(t) by h. Then h(t) can be factorized as

n

(L1) n(t) = Tt - 00,

i=1

where 6; € K. Let R be any K valued function on K.
We define the normalized determinant of an “augmented Vandermonde
1
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matrix”
1 6 (61 - ()"  R(6y)
1 0 05)% ... 02)™ R(6
ap  vem-L|l o GO
Vh | : : ‘. : :
1 Opiz (Bni2)® - (ns2)" R(Onso)
where
(1.3) wn = [](6: - 6;)
1>7
is the determinant of the Vandermonde matrix
16 (1) - ()" ()"
s P e e
1 Opio (Onr2)® - (Ong2)”  (Gng2)" ™!

Notice that V' (h, R) is independent of the order of 6y, - -, 6,412 because of the
normalization denominator vy,.
THEOREM 1.1. (a) Assume the R above is a rational function

(1.5) R=Ry= tfftl

where a € K, h(a) # 0, and f = f(t) € K(t) is a polynomial of degree < n+ 1
in t. Assume h(t) has no multiple roots. Then the normalized determinant

f(a)
1.6 V(h,Ry) = — .
(16) (1. y) =~
Furthermore if the R is a rational function R = g, deg(f) — deg(g) < n that
satisfies
(1) g(t), h(t) do not have a common root, and g is a monic polynomial,
(2) both g(t),h(t) do not have multiple roots. Then

f f(w)
(1.7) Vi) == > =

o) = e dwh(w
where ¢'(w) = dgd(zﬂ) is the derivative at w.

(b) (Anti-symmetry ). Assume everything in part (a). Then there is an
anti-symmetry between h and g,

(1.8) Vi(h, =) ==VI(g, )
An immediate consequence is that:

COROLLARY 1.2. If V(h,Rf) = 0 for some h(t) with no multiple roots,
then f(a) = 0.
Proof. : This is the direct consequence of (1.3). 0O
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2. The proofs. Proof. of the theorem 1.1
(a). Use the long division, we obtain

(2.1) ; f - =p(t) + ;“Ea()l
where deg(p(t)) = n. Notice
(2.2) V(h, p(t)) =0,

because the last column is a linear combination of the others. Hence

f 1
2. h,—) = h .
(23 Vih ) = faVih, )
Now we change the variables to let
(2.4) éz = 91 — a.
Then
1 Oita  (Bi+a? - (Gr+a)™ ()7
iy L[t Bre Gt G @
t—a’ o : : : :
1 énJrQ +a (én+2 + CL)2 t (énJrZ + a)n (én+2)_1

By the linearity of the determinant on each column, we obtain

1 9:1 +a - (9:1 +a)" (ql)fl
1 111 62+a -+ (B2+a) o)1
eown L y= LT " Gzar (%)
t—a vp |t ’ :
1 §n+2 +a - én+2 +a)" (§n+2)_1
N (O L (Y
1 6 e 0o9)" f5) 1
o[ o B0
Up | : . .
1 Opyo oo (Ong2)” (Opgo)™
1 16y (62)7 - (B2)  (62)7!
R (i1 i) Do R EE o
1 9;11+2 (Ons2)? oo (Ong2)™ <9n+2)71

where ¢;,..;, ,(a) are some polynomials in a with multi-index 4 - - - i,, such
that i; < j for all j = 1,---,n and at least one inequality above is strict, i.e.
ij < j for one of j. Thus for each index 71 - - - 4;,, the n+1 numbers, 0,41, - -,y
could only be at most n distinct numbers among 0,1,---,n. Thus 0,41, -+,
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are not distinct numbers from 0 to n. This means that two of 0,41, - - -, 7,, must
be the same. Thus at least two columns of the determinants in the formula
(2.7) are the same. Thus the formula (2.7) is zero. Hence

L6 (6> - G)r ()7
1 6 62)> - (B)" f)~"
ey v 2oLt 2 ® e
t—a’  wvp| o : - : .
1 bnra (Bni2)® o (Ony2)" (Onyo) ™!
At last we directly calculate
L6 (G - (G (07
ey |1 BT e G
1 Opso (Ons2)? - (Ong2)” (Ona2)™!
(2.10)  (factor out each (8;)~* from i — th row)
0 (60 (6 - ()" 1
7} 0 2 i} 3 2} n+1 1
ey =L | O R
1 n+2 ~ E - . ~ . .
9n+2 <9n+2)2 (0n+2)3 (6n+2)n+1 1

(212) = (-1 — (6 —d))

O 9n+2 i>j

1
(213) =—[](6: —9;)
hla) i3
Combining the calculations in the formulas (2.3), and (2.8)-(2.13), we proved
the formula (1.6).
Next we prove the formula (1.7). It is clear that we need to use the tech-

nique of “partial fraction” in calculus to reduce the general rational function
to that in the form “%”. We may assume the deg(g) = d and

d
(2.14) g=[[mi=1,--.d
=1

where 7;(t) = t —wj; is a linear polynomial. By our assumption, w; are distinct.
Let

(2.15) B(t) = - _gwj

be the monic polynomial of degree d — 1. Let 79(t) be any linear polynomial
that does not vanish at each w;,i = 1,---,d. Then f can be expressed as

d

(2.16) FE) =100 Y erdr + €ar1g)-

k=1
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for some €,k = 1,---,d in K and some polynomial [(¢) of deg(I(t)) < n, where
[(t) is any polynomial that divides f(¢) and has degree deg(f) — deg(g). Now
we use the partial fraction

d
(2.17) L0y
k=1
Then
f d
(2.18)V (h, ;)Z V(U)o Y ; + €at1))
k=1
Lo (0)2 - ()" (=),
pr9) oyl @ @ Dk
' el B S : ’
U Onyz (Ons2)® - (Ons2)" (F2)],

where the term V' (h,lez+1) = 0 because the last column of this normalized
determinant is a linear combination of the other columns. Now we can apply
the formula (1.6) to the normalized determinant in the formula (2.19) to obtain

Iy 4 Inoex
(2‘20) V(h, *) - Z( h )|1Uk
9 k=1
Notice
(221) f(wk) = (lnoﬁkﬁﬁk)‘wk» k= 17 te 7d

Using the formula (2.21) to substitute the terms in the formula (2.20), we
obtain

v N
(2.22) Vb )= ;(¢kh)lwk~
Because
(2.23) g (w;) = ¢i(wy)

the above formula (2.22) is exactly the formula (1.7).
(b) At last we use the cofactor expansion of the determinant,

f
(2.24) Vig.3)
along the last column. That is to expand
1w (wy)? (wy)" gggii
n f(we
1|1 w wg)? o (we o
@) Veh=1| " ) )" e
g : :
1 wpio (Wpt2) (wny2)" ﬁ:ﬁ:i;)
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along the last column. The expansion is exactly
< f

2.26 g .

( ) k:1(g/h)’wk

Combining with the formula (1.7), we proved the anti-symmetry, part (b). O

3. Example. In this section, we give some examples that show the ap-
plications of the formulas.

Example 3.1 (From the view of Lagrange interpolation). The Lagrange
polynomial interpolation is a technique to solve the following question: Given
n + 2 points in a plane (0;,y;),i = 1,---,n + 2. Can we find a polynomial
function y = f(x) of degree n + 1 such that

yi = f(0:),i=1,--+,n+27

The classical Lagrange interpolation formula gives an exact formula for f(x)
in terms of data (6;, y;), which is called the Lagrange interpolation polynomial
([3]). The reason that formula exists is simply because the number n + 2 of
the free variables is the same as the number n + 2 of given points (6;, y;).

But if we are asking for a polynomial y = f(z) of degree n (or less) such
that the function y = f(z) goes through these points:

then because there are more constraints than the free variables in the system
of linear equations (3.1), f(z) does not always exist. Now the question is:
what kind of data (0;,y;),7 = 1,---,n + 2 will always have an interpolation
polynomial y = f(z) of degree n that satisfies (3.1)7 By the system of linear
equations (3.1), the condition on these (0;,v;),i = 1,---,n + 2 is exactly that
the normalized Vadermonde determinant vanishes:

L6 (6) - ()" wm
1110 02)2 - ()" oy
62 vom- Ll ® ( ?) | ( 2.) S
Vp | : : . . :
1 Ony2 (Ong2)® - (Oni2)” Ynio

provided that 6; are distinct.

For instance, if y; are the values of the rational function %12 at 0; with
deg(F) < n + 1, then our formula (1.6) says that there is no data 0;,i =
1,+, 642 could allow any polynomial f(x) of degree n satisfying the equations
(3.1), unless F(t) is divisible by t — a, i.e. F(a) = 0 if and only if there is a
degree n polynomial interpolation for the points (6;, gl_(fg),i =1,---,n+ 2.

Example 3.2 The theorem (1.1) comes from our study of certain vector
bundles in algebraic geometry. The following example is just a hint of such an
application.
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In the following, all algebraic varieties are over the algebraic closed field
K. Let g = g(t) € H*(Op1(r)), where P! is a 1 dimensional projective space
over K. Assume ¢(t) has distinct zeros. Also let h € H°(Op1(n + 2)) such
that h has distinct zeros and h,g do not have common zeros. Consider the
affine variety

(3.3) Ty C H(Opi(n+1)) x H(Opi(n)) x H(Op1(n +71))
(3.4) Iy={(F,s,f): F=s9+ f}.

Let

(3.5) m:Ty — H%Opi(n+r))

be the projection to the first component in (3.1). Then the intersection
(3.6) Ch,g =I'yN {F(01) =+ F(0,42) =0}
is a subvariety of I'y. Its projection

T(Ch,g)

is a hyperplane in H(Op1(n +7)). If we choose an affine open set of P! such
that h(t), g(t) both have non-vanishing leading terms and are monic, then this
hyperplane 7(Cp4) is defined by the normalized “augmented Vandermonde
determinant”,

(3.7) w(Chg) = 1 V(h, §> — 0

In particular, if one of h or g has degree 1 with the only zero a € K, then
by our formulas in the theorem (1.1), 7(Cp 4) is independent of h and g, and

(3-8) T(Chyg) ={f : f(a) =0}

Acknowledgments. We would like to thank Bruno Harris for the current
simplified proof of the formula (1.6).
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